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Introduction

Introduction

@ The holographic dualities, which relate a quantum theory of grav-
ity to a quantum field theory without gravity in fewer dimensions,
play essential roles in theoretical physics.

@ The benchmark of the holographic dualities is the AdS/CFT cor-
respondence established based on string theory [J. Maldacena, 1998].

Conformal fields



Introduction

@ However, the existence of holographic dualities is not contingent
on the validity of string theory.

@ The Asymptotic Symmetry Group (ASG) method is successfully
applied to AdS3/CFT, without invoking string theory [J. D. Brown,
M. Henneaux, 1986].

@ The study of holography also goes beyond the standard AdS/CFT
correspondence.

@ The main reason behind these expectation is that the entropy of
black holes is given by the area instead of volume in a general

form,
Area
SBH ~ —d—1 (1
b



Introduction

@ It is necessary to extend the idea of holography to non-AdS case
in order to understand the quantum gravity on a complete level.
The efforts come from many aspects:

@ The scaling limit of near horizon geometry of Kerr black holes has
enlarged SL(2, R)L X U(l)R isometry [J. Bardeen, G. Horowitz, 1999].

@ Kerr/CFT claims that the extremal Kerr black holes are described
by a chiral half of a two dimensional CFT [M. Guica, T. Hartman, W.
Song, A, Strominger, 2009].
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@ The enhancement of the U(1)g isometry to the full Virasoro alge-
bra.

@ The perfect match between the black hole entropy formula and
the Cardy entropy.
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@ The part of the geometry (at fixed polar angle) that appears to play
the key role in the duality is a warped AdS3 (WAdS) factor.

—dr* + dy?
2

da® = 2GJQ()? ( +d6* + A(0)*(dop + ‘;’)2>

3)
@ The structure of WAJS is that of a fibration (with warping factor
multiplying the fiber metric) of a real line over AdS,.
@ The warping factor along the fiber breaks the SL(2, R) XSL(2,R)r
isometry group of AdS; down to SL(2,R) x U(1).
@ In topological massive gravity (TMG), the AdS3 vacua is unstable

due to the negative energy of massive excitations (G > 0, iz > 0)
[S. Deser, R. Jackiw, S. Templeton, 1982].
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@ For generic uf, WAdS as possibly stable vacua and various type
of warped black holes are found in TMG [D. Anninos, W. Li, M. Padi, W.
Song, A. Strominger, 2009].

e For pf > 3, the WAAS is said to be stretched and there exist reg-
ular black holes which are asymptotic to WAdS with a spacelike
U(l).

@ These regular black holes are shown to be discrete quotients of
WAGS just as BTZ black holes are discrete quotients of ordinary
AdSs.

@ Further more, given the left and right moving temperature dur-
ing quotients, the warped black hole entropy matches the Cardy
entropy provided

o Lo o 15(u0)’ +81
TG +27) T Gul(ph)? +27)°

So pf > 3 TMG is conjectured to be dual to a 2D CFT.
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@ The asymptotic symmetry analysis for spacelike stretched WAdS
and the consistent boundary conditions are also presented [G. Compére,
S. Detournay, 2008,2009].

@ The asymptotic algebra they get is a Virasoro algebra and a cur-
rent algebra, which indicate that dual field theory would have
symmetry other than conformal symmetry.

@ The Virasoro Kac-Moody algebra also shows up in the asymptotic
symmetry analysis for AdS3 with mixed chiral boundary condi-
tions (CSS BC) [G. Compere, W. Song, A. Strominger, 2013].
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Known results of Warped CFT

@ A two dimensional quantum field theory with two global transla-
tional symmetries and a chiral global scaling symmetry have an
extended local Virasoro plus U(1) Kac-Moody algebra [D. Hofman,
A. Strominger, 2011].

X —=x 4a, xT s xT4b, xT = M (5)

@ A warped conformal field theory is characterized by the warped
conformal symmetry. The global symmetries are SL(2,R) x U(1),
while the local symmetry algebra is a Virasoro algebra plus a
U(1) Kac-Moody algebra.
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In position space, a general warped conformal symmetry trans-
formation can be written as

X' :f(x_)v Kt :x++g(x_), (6)

where f(x~) and g(x™) are two arbitrary functions.

Consider a WCFT on a plane, denote 7(x~) and P(x™) as the
Noether currents associated with translations along x~ and x*,
the conserved charges

i 1
Ly=—75- / o T(x), P, = —5- / de"P(x).  (7)
form a Virasoro Kac-Moody algebra,

C
[Lm Lm} :(l’l - m)Ln—i—m + ﬁ”(”z - 1)6n,—m s

[Lnapm} = - mPnera
[PnaPm} :kgén,fma (8)
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@ Some specific examples of WCFT:
chiral Liouville gravity [G. Compere, W. Song, A. Strominger, 2013]
Weyl fermion models [D. Hofman, B. Rollier, 2015]
free scalar models [K. Jensen, 2017]

CSYK as broken symmetry of WCFT [P. Chaturvedi, Y. Gu, W. Song, B.
Yu, 2018].
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@ Under the warped conformal transformation, a primary field trans-
forms as an h-form under Virasoro and a scalar under U(1), [w.
Song, JX, 2017]

ox'—\ "
&, XT) = (&c‘) p(x,x1). 9)
@ The correlation functions of WCFT are given by,
_ iy jx/+ 5/11 »—hy
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@ The Rényi entropy for an interval D can be written as,

1 tr(p" 1 B, (x; )P}
S, = log r(ﬂD) _ 10g< n(xl) n(x2)>C/‘

l—n °(wpp)® 1-—n (‘131()61)‘1’1(&))3\

Here in the first equality, the Rényi entropy is related to the nth
power of the reduced density matrix pp for D. This can be real-
ized as a path integral an a manifold R, which is made up of n
decoupled copies of the original space R. In the second equality,
®,, is the twist field inserted at the endpoints of the interval that
enforce the replica boundary conditions on a plane C. X » are the
endpoint coordinates of the interval D.
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@ The expectation value of the current 7(x) and P(x) on R, can be
calculated either using twist field ward identity or using Rindler
transformation,

(T(x)®a (1) @] (1) w(T()ehy)  w(UITW)UA,)

= (T(x(i))>R,x = = n ’

(@a(x1) @] (x2))e (plp) u(p,)
where U stands for a unitary transformation inspired by Rindler
transformation,
tanh T = 3 =
%:tanhﬂ’ ++(6 a) —:~+_‘_(ﬁ_3>)~c—.
tanh A)z‘ 7 K B8 B K K

Compere two sides, we can get the expressions for the conformal
dimension and charge of the twist field,

b ( c N Ly Py o2k ) <73’6"’" ka)
=n _—— = — s =n —
" 24 n? 2nm 1672 n n 47

The Rényi entropy,
Su = —iPl <5x + B - 5}6 ) ( igpgac _ M) log ( A sinh 7r57x7) .
8 m A

n

@ The Rényi mutual information [B. Chen, P. Hao, W. Song, in coming].
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The WCFT defined on a torus has modular properties [S. Detournay,
T. Hartman, D. Hofman, 2012],
A tours is defined by two identifications,
spatial circle : (x7xT) ~ (x +2m,x7),
thermal circle : (x 7, xT) ~ (x~ +iB,x" —iB),
where 3 and j are the inverse temperatures along x~ and x™,
respectively. The torus partition function can be written as

Z(B, B) = Te(e "1t PM), (11
The modular transformation that exchange two circles can be found,
27 3
¥~ =—i—x", Ft=xt+=x". 12)
B B

The partition function transforms according to the following equa-
tion with anomaly,

- 2 .
2(8,5) = %z @7_27;5)' (13)
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@ Using the covariance of the partition, a Cardy-like formula for the
asymptotic entropy has been found [S. Detournay, T. Hartman, D. Hofman,

2012],
4miPo Py (P§)? P}
=———— % 4 dmy [ (L - Ly— -2 ).
Swerr . +4m \/ ( o i 0~ 7
(14)

This formula reproduce the entropy of the WAdS black holes in
TMG.
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Structure constants of WCFT

@ Make one step further, we can use the modular properties to de-
termine the asymptotic behavior of one point function.

@ For a primary operator O with conformal weight h» and zero
charge, the one point function on a torus is defined by

(0) 4.5 = Tr(OePLotBPo) (15)
@ Under the modular transformation the one point function trans-
forms as
8 ([ Ox
O)y5=2¢ 0] pif - 16
(O)pp=e <8x> (O)ugz 22 (16)

@ Now take limit 3 — 0T, suppose the eigenvalues of L are bounded
from below, we have

2 ho _4n? A 2miB B2
<O>ﬂﬂ = (x|Olx) (—i;> e FAx 25 Ox+k3z (17

where |y) is the lightest state with non-vanishing three-point co-



Structure constants of WCFT

@ The density of states weighted by the one point function can be
written as an integral,

dpd 3
ro(a,0) = [ L% 0), o0

d d 2 ho 7L2 _2miB B*
/2B 25<><|O|x> (—zé) S RS S

o Atlarge A and —(Q, this integral is dominated by a saddle point
with

Ainv B A Airzv
_ =X _am _ =X
Ainv’ B k ZQX +0 Ainv

8 =2m

. . 2
where A"™ = A — %2 A’;’V =A, — % When £ is negative, the
condition for the validity of the saddle point method is A™ > 1.
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@ To(A, Q) characterise the total contribution of different degen-
erate states to the three-point function coefficient or the structure
constant of the underling WCFT at given large A and —Q. How-
ever, it is useful to define the typical value of the three-point co-
efficient by dividing To (A, Q) by the density of states,

To(A
Co(A, Q) = po((A QQ)) : (18)

Under saddle point approximation,

NS o
h A A hO 4m —A';(V —1 | /Ay Ainv_ dxi (Q\;(r —1>QW-Q
~ (=)o _ vac
Co(A, Q) ~ (=)"O (x|OIx) N N e .

vac
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o In 2D CFT, the asymptotic average structure constants calculated
by the saddle point approximation has been down, and it has a
geodesic one-loop interpretation in AdS3 by considering a tad-
pole diagram. This work gives CFT evidence that the black hole
geometry emerges upon course graining over microstates. [P. Kraus,
A. Maloney, 2016].

@ A more careful geodesic witten diagram in the bulk AdS; has
been considered in order to reproduce the contribution from all
descendent states of | x) [P. Kraus, A. Maloney, H. Maxfield, G. S. Ng, J. ¢. Wu,
2017].
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@ Under CSS boundary conditions, asymptotically AdS3 spacetimes
dual to WCFT.
@ The BTZ metric in light-like coordinate,

dp?
ds®> = 02 (Tzdu2 + 2pdudy + T2dv* + 7) , (19)
“ RARTERS TR
Uu~u+2mr, ve~v42mw.

The CSS boundary conditions,

g =1, g =0, Al =0, &) =T7.

The asymptotic algebra,

Ennln) = (0= m) L+ 5 (0 = m)3s, i,
Lo, Pl = —mPuym +mPoSp,—m, (20)
(PPl = Sn0nm,
where
3¢ Ty

k=

ot , 21
e G @D
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@ Lo and Py are the conserved charges associate with Killing vectors
0, and 0, respectively, which can be calculated,

N . (T?
LO = Q[au] = Téa PO = Q[av] = _Té . (22)

@ This algebra however is different from the canonical algebra by a
charge redefinition,

- 2PyP, P36 - 2PyP, P36
I,=1L,— 0n+ 09n,0 P, = 0n ()n,O.

2
k k' k k 23)

@ This map can also be used to relate the energy and angular mo-
mentum in the bulk to the conformal dimensions and charges in
the WCFT.

- - P2 - -
E:LO—PO:LO—ZIO, J=Lo+Py=Ly (24)
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@ Using this map, the mean structure constant in WCFT can be
rewritten as

"f[< ATI;CW1>T+7FK<QX 71)]‘,
26 \/ N “T2G \ Qvac v
Co(A,Q) =N (x|O|x) Ti° e

N—_—— =~

cubic coupling from O from |x)
(25)
where the normalization factor
hofl
1 Y4 2
= (=)o [ ——— 2
N = (=i (—4GAggv> (26)

is independent of A and Q.
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Figure: Configuration of trajectory for the holographic calculation of the
average heavy-heavy-light three-point coefficient in the constant time slice of
the BTZ black hole background.
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@ We work in the classical limit, and the propagator is given by e~
where S is the on-shell worldline action of a spinning particle,
@ We consider heavy-heavy-light case,

c ; c ¢ 0> c c
1< h — Ll Ay -2 <
Sho<op IS Ty <w 'S ™% "Tu n

@ The worldline action [A. Castro, S. Detournay, N. Igbal, 2014],

So = /dT <m(9 \/ g/u/X'uXV +son - Vn) + Sconstraints - (27)

Sconstraints contains Lagrange multipliers which require that the
two normalized vectors n and 7 should be mutually orthogonal
and perpendicular to the worldline, namely

n=-1, =1, n-n=0, n-X=n-X=0.
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@ The equations of motion with respect to X*(7) are known as the
Mathisson-Papapetrou-Dixon (MPD) equations,

. . 1.
V[moX“ + XVVS“V] — _EXVS,OUR#VPU , (28)
where s* is the spin tensor,
st = so(n*n” — ntn") . (29)

@ In locally AdS spacetimes, the contraction of the Riemann tensor
with s#¥ X” vanishes. The MPD equations reduce to

VmoX" — s*,VX"] = 0. (30)
One obvious solution to the MPD equation above is a geodesic

VXt =0. (31)
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@ As discussed in [A. Castro, S. Detournay, N. Igbal, 2014], the
spin’s contribution can be written as

T¢) -ng—q(7r) - n
S 50 log (61( 7) -y — a(7) f> ’ (32)
q(7i) - ni — q(7i) - n;
where two vectors g and ¢* are mutually orthogonal, perpen-

dicular to the geodesic, and furthermore are parallel transported
along and the geodesic, i.e.,

@ The two sets of vectors (n(7),7(7)) and (g(7),g(7)) can be re-
lated via a Lorentz boost. In fact, we can expand n(7) and 72(7) in
terms of ¢(7) and g(7),

(1) = cosh(n(7))q(7) + sinh(n(7))q(7),  (33)

(1) = sinh(n(7))g(7) + cosh(n(7))q(r),  (34)

)i

where 7(7) is the rapidity of this Lorentz boost.

n\t

St



Structure constants of WCFT

@ The spin part count the difference in the rapidity between initial
and final point,

Sspin = SO(”(Tf) — (7)) - (35)

@ Wrap them up, we can write down the on-shell action for ¢ and
¢y on the BTZ background,

(36)

Lmon+som I —sp >

So:—log<Tu T, 2

Sy =tm 27 (T, + T,) + s, 27(T, — T)) . (37)
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@ The non-perturbative particle ¢, will backreact to the background
geometry to give a rotational conical defect, This is the result
of non-vanishing localized energy and angular momentum source
appeared in three dimensional Einstein equations.

2
d2
> = |-+ (dz/sx>d¢> TR e D)

1472

P o~ p+2m—dp. (39)
Here the deficit angle d is related to the mass of the ¢, through

dp
m, — ——.
X 8nG
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@ To see the relation the mass and spin to its boundary quantum
numbers, we put the conical defect solution into standard light-

like BTZ form,
ds* = 02 | T2 di® + 2pdudv + T2 dv* + S — (40)
X X 4(P2 - T)Z(UT)2(V) ’
u~u+2m, ve~v+2w (41)
where
2o (1 = 6p/2m — 4Gsy /£)? o (1= 6p/2m + 4Gsy /£)? .

xu 4 Xy 4

@ Using the map, we found,

1 1 —Aimw Y —Aimw
My = ——— o O s sy = 0= [ % S &)
4G 3G - A{'Z( Qvac 3G - A{’é‘; Qvac
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The total amplitude for the process given by the one loop tadpole dia-
gram under CSS boundary conditions,

CO(A, Q) = (x|O|x)e S0
N——
vertex

M( ‘A?’V_1>T+“(QX L
2G N “12G \ Ovac v
= (X|Olx) T ¢ :

vertex <¢O¢O> (¢x¢x>
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Summary and outlook

@ WCFT is a 2d quantum field theory with warped conformal field
theory, arise in the study of dual field theory of WAJS.

@ Similar to 2d CFT, the correlation functions, density of state, and
entanglement entropy of WCFT can be determined by the sym-
metry.

@ Using the modular properties, the asymptotic structure constants
can be determined, and we find its gravity dual in AdSs with CSS
boundary.

@ Our result indicates that the black hole geometries in asymptoti-
cally AdS; spacetimes can emerge upon course graining over mi-
crostates in WCFTs.

@ The contribution from the descendent states of |x) to the average
structure constants? The geodesic Witten diagram approach in
(W)AdS3?
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Thank You!
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